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Moment Distributions Around Holes in Symmetric Composite
Laminates Subjected to Bending Moments

C. B. Prasad*
Analytical Services and Materials, Inc., Hampton, Virginia 23666

and

M. J. Shuart¥
NASA Langley Research Center, Hampton, Virginia 23665

An analytical investigation of the effects of holes on the moment distribution of symmetric composite
laminates subjected to bending moments is described. A general, closed-form solution for the moment distribu-
tion of an infinite anisotropic plate is derived, and this solution is used 1o determine stress distributions both on
the hole boundary and throughout the plate. Results are presented for several composite laminates that have
holes and are subjected to either pure bending or cylindrical bending. Laminates with a circular hole or with an
elliptical hole are studied. Laminate moment distributions are discussed, and ply stresses are described.

Introduction

TRUCTURALLY efficient designs for composite struc-

tures require a thorough understanding of the response of
composite laminates to fundamental loading conditions.
Many researchers have studied the response of composite lam-
inates subjected to inplane loadings. In general, these studies
focused on the response of tension-, compression-, or shear-
loaded laminates with and without holes. Bending and twist-
ing moments are also fundamental loading conditions. The
response of homogenous thin plates subjected to these mo-
ments has been studied.’? Naghdi’® studied the effect of ellipti-
cal holes on the bending of thick isotropic plates. Pickett* and
Lo and Leissa® investigated isotropic plates with central holes
subjected to lateral loads. Moriya® conducted a finite-element
analysis to determine stresses around both holes and cracks in
isotropic plates subjected to bending moments. Delale et al.”
considered the axisymmetric bending of a plate made of two
bonded dissimilar isotropic materials and containing a central
hole.

Analyses to determine the effects of holes on the stress field
for composite laminates subjected to various loading condi-
tions include both approximate and closed-form solutions.
Approximate solutions are usually based on specific functions
that represent the problem unknowns and minimize the error
between these functions and known results at discrete points.
These solution procedures can be computationally inefficient.
Closed-form solutions determine the unknowns exactly as
continuous functions and these solutions are well-suited for
parametric studies because of their computational efficiency.
Closed-form solutions have been obtained for determining the
effects of a hole on the stress field for composite laminates
subjected to inplane loads.®!! Also, closed-form solutions
have been obtained for the stress distribution around a pin-
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loaded hole in composite laminates subjected to inplane
loads.'>"'* Some investigators have obtained solutions for the
more complex problem of multiple holes in composite lami-
nates subjected to inplane loads.!>'® The response of compos-
ite plates with a hole and subjected to bending or twisting
moments has received limited attention. Moment distributions
on the hole boundary only for homogenous orthotropic plates
subjected to bending moments are given in Ref. 1. The solu-
tions technique outlined in Ref. 1 has not been used to deter-
mine moment distributions throughout the plate and has not
been extended to composite laminates. A general, closed-form
solution is needed to determine the effects of holes on the
moment distribution for an entire composite laminate sub-
jected to bending moments.

The objective of the present paper is to determine analyti-
cally the effects of holes on the moment distribution of sym-
metric composite laminates subjected to bending moments.
The governing equations are derived for an infinite an-
isotropic plate with a hole. A linear, closed-form solution to
these equations is presented for a plate subjected to far-field
bending moments. The solution is based on the method of
conformal mapping developed by Muskhelishvili'” for the
two-dimensional theory of elasticity and is computationally
efficient. A similar technique has been used in Ref. 2 to
determine the effects of holes on the stress field in homoge-
nous plates subjected to bending moments. As will be ex-
plained later, the results in Ref. 2 are inaccurate for or-
thotropic and anisotropic plates. The present solution
determines the results for isotropic, orthotropic, and an-
isotropic plates at the hole boundary and throughout the
plate. The accuracy of this solution is verified by comparing
the moment distributions on the hole boundary for both an
isotropic plate and a unidirectional laminated plate with simi-
lar moment distributions obtained using Ref. 1. This present
solution is used to determine the moment distributions around
a hole for several symmetric composite laminates subjected to
cylindrical bending or pure bending. Ply stresses for a quasi-
isotropic laminate having a circular hole and subjected to pure
bending are discussed.

Theory
This section outlines the governing equations for an infinite
anisotropic plate that has a hole and is subjected to far-field
bending moments. A solution to these equations is described
that determines the unknown functions explicitly using far-
field boundary conditions.
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Fig. 1 Geometry and coordinate systems for a composite laminate.

The geometry and coordinate systems used in this study are
shown in Fig. 1. The plate has thickness #. The semiminor and
semimajor axes of the hole have dimensions @ and b, respec-
tively. The ¢ dimension is measured along the x axis, and the
b dimension is measured along the y axis. The fiber orienta-
tion angle o for a ply is also measured with respect to the x
axis. The r,6 coordinate system is also used to describe the
results.

The governing equations are derived using the classical Kir-
choff-Love assumptions for plates. These assumptions lead to
the expressions

“(x;}’»z) = —2 M (la)
ax

vryz) = —z ) (1b)
ay

W(X,y,z) = W(x,y) (lc)

where 4, v, and w are displacements in the x, y, and z direc-
tions, respectively. The inplane strains for the plate are

Pw
&= —2 ) (2a)
*w
o= -25% (2b)
Pw
= -2 2
Yxy ¥4 axdy (2¢)

and the moment resultants for the symmetric laminated plate
are

?*w
M, Dy Dy Dy R
?w
M, = {Dy Dy Dy - F 3)
3w
M, Dy Dy D, -2
vy 16 Dz Des %y

where D,,, are the plate bending stiffnesses. The governing
differential equation for the plate is expressed as
Fw *w i*w
Dy, — + 4D\ - + 2 (D3 + 2Dgg) —5—;
SRt 16 ax39y (D12 66) ax2ay?
F*w

w
+ 4Dy ——— + Dy ~— =
% Gxay? 2 5

0 @

The assumed form w = Aef*+9), where A and ¢ are con-

stants, is substituted into Eq. (4) to obtain the characteristic
equation

Dy, s+ 4D26 5342 (D2 + 2D66) 52+ 4Dy s + D;; =0 (5)
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Lekhnitskii! has shown that Eq. (5) has no real roots. In
general, these roots are not equal and can be represented as

sy =0y + iy, s;=a+ifs (6a)

§3 =51, 5,=5 (8:>0, 5,>0) (6b)
where the quantities s; and s, are complex parameters, and
bars over complex parameters (e.g., 5; and 3,) indicate com-
plex conjugates. .

The general expression for w that satisfies Eq. (4) for an
anisotropic plate with s, # s, can be written as

w(x,y) = 2Re [Fi(z;) + F2(2))] M

where F(z,) and Fy(z,) are arbitrary analytic functions having
arguments

Z1=X+5Y, L=X+5y ®)
The solution procedure outlined here is only for uneql}al com-
plex parameters (s, # 5,). Equation (7) is substituted into Eq.
(3) to obtain

M, = —2Re [p1¢"(z1) + g1V’ (22)] %a)
M, = —2Re [p2¢'(z1) + q2¥'(22)] (9b)
My, = —2Re [p3¢'(z1) + g3¥'(22)] (99
Oy = —2Re [s1ps9” (21) + 52944 " (22)] (9d)
Q, =2Re [ps9"(z)) + qa¥” (22)] %9

where Q, and Q, are shear stress resultants and

dF, _dF,
(z) = i ¥(z2) = i

d’F,

d?F, ,
¢'(z)) = ?21’ V@) =g

1

&F,

d’F ”
¢"(z) = ?31, V(2 = el

1

where
p1 =Dy + Dipst + 251Dy
P2 =Dy + Dayst + 251Dy

P3 = Dig + Dags? + 251D
Dll 2
pa=—" + 3Dy + 51(Dh2 + 2Dgg) + DS
1
@1 = Dy + D353 + 25,Dy6
G2 = D1z + Dps? + 25Dy
@3 = Dyg + Dyes7 + 25,De6
Dy 2
qa=""+ 3D + 52(D12 + 2Dgg) + Dagss
2

The functions ¢(z;) and J{(z,) for an infinite plate with a
hole have the form

#(z)) = (B* +iC*) 2 + do(21) (10a)
Wz) =(B'" +iC"*) 22 + ¥o(z2) (10b)

where ¢o(z;) and y(z,) are analytic functions outside the hole.
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The constant coefficients B*, B'*, C*, and C’* are deter-
mined from the far-field boundary conditions. At infinity, the
functions ¢n(z;) and y(z,) are zero. Substituting Egs. (10) into
Egs. (9) for moments at infinity results in

MZ = —2Re [pi(B* +iC*)+ qi(B'* +iC'*)] (11a)
M = ~2Re [py(B* +iC*) + q(B’* + iC'*)] (11b)
M, = —2Re [py(B* +iC*) + q3(B"* +iC’'*)] (11¢)

Equations (11) are only three equations involving four coeffi-
cients. The solution in Ref. 2 assumes that one of the constant
coefficients B*, C*, B’'*, and C’* can be arbitrarily chosen,
and selects C* = 0. This solution yields correct results for
isotropic plates but yields incorrect results for orthotropic and
anisotropic plates. In the present formulation, another far-
field condition is imposed to yield a fourth equation for deter-
mining the four constant coefficients. The functions ¢”(z;)
and ¥ “(zz) are zero for large z; and z, causing the far-field
shear stress resultants Q" and Q) to equal zero. Conse-
quently, the fourth equation is

— 2Re [p4¢'(21) + Q'4ll/'(z2)]

i

P

i

—2Re [py(B* +iC*)+ quB'* +iC'")] =0
(12)
where P} is force resultant in the z direction. The set of
equations given by Eqs. (11) and (12) are sufficient for deter-
mining all four constant coefficients B*, B’*, C*, and C’*.
The final expressions for the functions ¢y(z;) and yy(z>) are

N](a - iSlb)
z+ [2f — (@* + sibH)%

do(z1) = (13a)

Ny(a — is;b)
2+ [z — (@ + sib?)]”

Yo(z2) = (13b)

where the complex coefficients N; and N, are of the form

B! . D145
N=—r—""— (B*+1C*)< ———>
: 2(p1g252 — P2g151) { P $

X (@ + is;b) + (B* — iC*)(pqu —’—"%Sl)(a +is,b)
1
q,S:
+(B'* - id*)(qlqz - q_z%_z>(a + igzb)} (142)
2
-5, . DDy
Ny=——— %2 g+ _jC* < ————)
: 2(p1@252 — P2g151) { NP2 3
X (a +isb)+ (B’ + ic'*)<p,q2 ~‘"2;"S‘>(a +isyh)
2
+ (B — iC’*)<p1i12 —p———f’s ’>(a + z?vzb)} (14b)
2

and these expressions are obtained using the procedure de-
scribed in Ref. 2.

Substituting the expressions for ¢y(z;) and y4(z») from Egs.
(13) into Egs. (10) provides the expressions for the functions
¢(z;) and Y(z;). Derivatives of ¢(z;) and ¥(z,) are obtained
from Eqgs. (10) and are expressed as

¢’ () =(B* +iC*) + ¢4(z1) (152)

V(@) =B +iC"") + ¥4(z2) (15b)
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Table 1 Material properties

Isotropic Graphite-epoxy?

Longitudinal Young’s modulus £, GPa 72.4 159.00
Transverse Young’s modulus Ez, GPa 72.4 10.00
Shear modulus Gz, GPa 27.8 5.90
Major Poisson’s ratio, vz 0.3 0.31

aNominal ply thickness is 0.15 mm.

Table 2 Moments on the boundary of circular hole for an infinite
plate subjected to applied far-field moments

M, M,
Angle N-m/m N-m/m
0, deg Ref. 1

Present Ref. 1
a. Isotropic plate

Cylindrical Bending: M =1.0 N-m/m M;® =Mg =0

Present

0 0.21261 0.21212 0.00000 0.00000
30 0.60675 0.60106 —0.52485 —0.52487
60 1.39356 1.39334 —0.52485 —0.52486
90 1.78783 1.78788 0.00000 0.00000

Pure Bending: My =M;* =1.0 Nm/m Mg =0

0 1.99926 1.99999 0.00000 0.00000
30 1.99951 2.00000 0.00000 0.00000
60 1.99951 2.00000 0.00000 0.00000
90 1.99926 2.00000 0.00000 0.00000

b. Unidirectional plate
Cylindrical Bending: My = 1.0 N-m/m  M;°* =M =0

0 0.15069 0.15069 0.00000 0.00000
30 0.20724 0.20724 —0.07526 —0.07526
60 1.10160 1.10160 —0.50155 ~-0.50155
90 3.08159 3.08159 0.00000 0.00000

Pure Bending: My” =M;° =1.0 N-m/m Mg =0

0 1.67267 1.67267 0.00000 0.00000
30 1.39294 1.39294 0.62633 0.62633
60 1.01812 1.01812 0.48208 0.48208
90 5.47811 5.47811 0.00000 0.00000

The expressions for the moments obtained by the substitu-
tion of Eqs. (15) into Eqgs. (9) are

M, =M — 2Re [p1$4(z1) + q1¥0(2))] (16a)
M, = My —2Re [p2¢4(z1) + q2¥0(22)] (16b)
M,y = M3 — 2Re [D30(z1) + g3¥6(22)] (16c)

The expressions for the derivatives ¢¢(z,) and ¥((z) as ob-
tained from Eqgs. (13) are

' _ 1 _ 4
$8(z1) a+isb [1 [z3 —(a%+ s,zbz)]'/z] (172)

, 2 Z?

Vi) = a + is)b [1 [z2 — (@ + szzbz)]‘/l] (176)
The present solution provides the complete moment distri-

bution for an infinite anisotropic plate that has an elliptical or

a circular hole and is subjected to far-field bending moments.

The moment distribution in polar coordinates can be obtained

by using coordinate transformation.

Results and Discussion

This section describes analytical results that were obtained
using the solution developed during this study. Results ob-
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tained using the solution presented herein are compared with
classical results obtained using the solution in Ref. 1. This
improved solution is used to obtain results for several compos-
ite laminates subjected either to cylindrical bending or pure
bending. Ply results for a quasiisotropic laminate that has a
circular hole and is subjected to pure bending are discussed.
Material properties used for this study are presented in Table
1. The isotropic material properties are typical for aluminum,
and the graphite-epoxy material properties are typical for an
advanced, damage-tolerant graphite-epoxy material system.

Comparison with Previous Work

Moment distribution results are presented in Table 2. Re-
sults obtained using Ref. 1 and results obtained using the
present solution are given in the table to illustrate the accuracy
of the improved solution. The distribution of the moments on
the hole boundary are calculated for a far-field cylindrical
bending loading (i.e., My* = 1.0 N-m/m, M;” = M, = 0) and
for a far-field pure bending loading (i.e., My" = MJ” = 1.0
N-m/m, M5 = 0). Results for an isotropic plate are presented
in Table 2a, and results for a unidirectional laminated plate,
(a =0 deg, see Fig. 1) are presented in Table 2b. For the
isotropic plate, s; =s, =i. In the present calculations, the
parameters s; and s, are intentionally made slightly unequal to
avoid numerical singularities.'® The moments calculated using
the present solution differ from the corresponding moments
calculated using Ref. 1 by less than 1% for the isotropic plate.
The moments calculated using the two solutions are exactly
the same for the unidirectional plate.

Laminate Results

The present solution is used to obtain moment distribution
results for composite laminates. The laminates studied herein
are designated as follows:

Laminate Stacking sequence
A [0l4sr
B [+45/0/ —45/90])6s
C [+45/0/ —45/0/
+45/0/ —45/90]35
D [+45/F45]6s

All laminates have 48 plies. Laminate A is a highly or-
thotropic unidirectional laminate. Laminates B and C are
quasiisotropic and orthotropic laminates, respectively, and are
typical of laminates used for composite structures. Laminate
D is a generally orthotropic laminate that is used for shear-
dominated composite structures.

Location for maximum M,

x=0,y=b
25
Laminate Stacking sequence
A (0] 41 ~
20— B [+45/0/-45/90]65 My = 1.0 N-m/m
o} [+45/0/-45/0/+45/0/-45/90) 3
15—
Maximum
M /M )
XX Laminate A
10 Laminate C
Laminate B
5
I |
0 05 1.0

ab

Fig. 2 Maximum normalized moments for composite laminates that
have a hole and are subjected to cylindrical bending.
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M; =1.0 N-m/m

25
Laminate Stacking sequence
A (0] 4t
20 B [+45/0/-45/90]
[} [+45/0/-45/O/+4y5/0/-45/90]33 M;,°= 1.0 N-m/m
15 Location for maximum
Maxi Mx D x=0,y=b
’?Ax‘;nh;’f Laminate A
X VX Laminate C
10— Laminate B
5
| |
0 0.5 1.0

ab

Fig. 3 Maximum normalized moments for composite laminates that
have a hole and are subjected to pure bending.

b. pure bending x
(MY = M‘;’ =1N-m/m)

- —
a. cylindrical bending X
My =1 N-m/m, My =0)

Fig. 4 Normalized moments for a [+ 45/0/ — 45/90]¢; laminate
(laminate B).

ty
Me/M:= 1.2)
1.4 16
1.6 2 18
1.8 2.0
0
— + - —
a. cylindrical bending X b. pure bending X

(M = 1 N-m/m, M = 0) (M5 = M = 1 N -m/m)

Fig. 5 Normalized moments for a [ + 45/0/ —45/0/ + 45/0/ — 45/
90]35 laminate (laminate C).

Results for the maximum normalized moment as a function
of hole geometry are presented in Figs. 2 and 3 for laminates
A, B, and C subjected to cylindrical bending (Fig. 2) or to pure
bending (Fig. 3). The hole geometry is described using the
ratio of the semiminor axis to the semimajor axis a/b, and this
ratio is plotted along the abscissa. The maximum moment
resultant M, for these laminates subjected to these loads oc-
curs at x = 0, y = b (see Fig. 1), and this moment resultant is
normalized by the corresponding far-field moment resultant
MZ(x =y = o) and is plotted along the ordinate. The maxi-
mum normalized moment resultants for laminate D do not
occur at the same location as the results for laminates A, B,
and C. The results for laminate D are not included in Figs. 2
and 3, and the moment distribution results for laminate D are
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discussed subsequently. The results in Figs. 2 and 3 show that
the maximum normalized moment resultant for each laminate
are approximately the same for cylindrical bending loads
and for pure bending loads. The maximum normalized mo-
ment resultant for a given a/b value increases with an increas-
ing level of laminate orthotropy for these laminates. The
maximum normalized moment resultant for laminate B or
C with a circular hole and subjected to these loadings is
approximately 2.

Contour plots of the normalized My/M;" for laminates B,
C, and D that have a circular hole and are subjected to either
cylindrical bending or pure bending are shown in Figs. 4-6,
respectively. Results for laminates subjected to cylindrical
bending are shown in Figs. 4a, 5a, and 6a, and results for
laminates subjected to pure bending are shown in Figs. 4b, 5b,
and 6b. The results in Figs. 4 and 5 indicate that the moment
distributions for a given loading condition are similar for
laminates B and C. The moments near the hole for the or-
thotropic laminate C are slightly higher than the moments
near the hole for the quasiisotropic laminate B. The results in
Fig. 6 for laminate D indicate a skewing of the moment
distribution when compared to the results for laminates B and
C. This skewing may be caused by the D¢ bending stiffness of
laminate D being significantly greater than the Dy bending
stiffness for laminates B and C. The maximum moment occurs
on the boundary of the hole and at # = 60 deg and at 6 = 45
deg for the cylindrical bending loading and for the pure bend-
ing loading, respectively.

Ply Stresses

Ply results are obtained using the laminate moments and
classical laminated plate theory.!® Equations (2) and (3) are
used to calculate the strains for a ply. Ply stresses are calcu-
lated using these strains and a constitutive relation. The ply
stresses are presented for a coordinate system that corresponds
to directions parallel and perpendicular to the fibers in the
plane of the ply (see Fig. 1). The direction parallel to the fiber
is the 1 direction, and the direction perpendicular to the fibers
is the 2 direction. Maximum normalized stresses at the hole
boundary for the outermost plies of a [+ 45/0/ — 45/90},
laminate are shown in Fig. 7. The laminate has a circular hole
and is subjected to pure bending. The ply stresses are normal-
ized by the maximum axial far-field stress where

6M=
h 2

(18)

gy =

The results indicate that for this loading and laminate type,
significant stresses develop in the fiber direction for both the
outermost 0-deg and 90-deg plies. These results suggest that
laminate failure may initiate due to either a tensile or compres-
sive failure in the fiber direction for these outermost plies. The
type of failure will depend on the tensile and compressive
strengths. .

1.2
1.4

PONRNI 4=
‘?)O)ANOWO’

-
X

-4-.20

a. cylindrical bending
(MY =1 N-m/m, My = 0)
Fig. 6 Normalized moments for a { + 45/ F 45)¢; laminate (laminate
D).

ol

b. pure bending
(MY = M";: 1N -m/m)
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o, /o OX: maximum far-field
"o axial stress for

Mo, /o i
= 1122/6} lammgte
6 : coordinate on
hole boundary
5r o0’ ol
4k
ab
Normatized
stress
2 p=0
1+
45° ¢ ﬁ 45° ﬁ ﬁ
0

> o o

90
Ply orientation

Fig. 7 Maximum normalized stresses for the outermost plies of a
[ + 45/0/ — 45/90]6s laminate (laminate B) that has a circular hole and
is subjected to pure bending.

Concluding Remarks

This paper describes analytical results for the effects of
holes on the moment field of symmetric composite laminates
subjected to bending moments. A general, closed-form solu-
tion for an infinite anisotropic plate has been derived, and this
solution has been used to determine stress distributions, both
on the hole boundary and throughout the laminate. The solu-
tion utilizes the method of conformal mapping and complex
variables and determines the unknown stress functions explic-
itly using far-field boundary conditions.

The solution presented in this paper is used to obtain results
for several symmetric composite laminates. Normalized mo-
ment resultants for laminates with holes and subjected to
either pure bending or to cylindrical bending are described.
The normalized moment resultant for the laminates consid-
ered in this study that are subjected to either pure bending or
cylindrical bending are approximately the same. The normal-
ized moment resultants for the quasiisotropic and the or-
thotropic laminates with a circular hole considered in this
study are approximately equal to two. Ply stresses for a quasi-
isotropic laminate that has a circular hole and is subjected to
pure bending are discussed. The stresses in the fiber direction
are significant for the outermost 0-deg and 90-deg plies, and
these stresses may initiate tensile or compressive failure in the
fiber direction. The type of failure will be a function of the
tensile and compressive strengths.
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